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Abstract

A distorted wave polarized orbital model and a three-body classical trajectory Monte Carlo method are applied to

study the excitation of hydrogen atom by positron impact. The total and differential cross section as a function of the

scattering angle of the scattered positron are calculated at 54.4, 100 and 200 eV impact energies. Our results are

compared with previous theoretical calculations.
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1. Introduction

Positrons, since their discovery, have been extensively

used as probes in different branches of physics as

reviewed by Ghosh et al. (1982) and more recently by

Drachman (1995). During the past few years great

progress has been achieved in the experimental and

theoretical study of positron-atom collisions (Charlton

and Humberston, 2001). The collision process of a

positron with a hydrogen atom attracts much attention

as one of the simplest three-body Coulomb system. When

a positron collides with a hydrogen atom the following

reactions are possible

eþ þH-

eþ þH elastic scattering

pþ Ps� positronium formation

eþ þH� excitation

eþ þ e� þ p ionization

pþ g annihilation:

8>>>>>>><
>>>>>>>:

ð1Þ

The study of the energy and angular distributions of

the ejected electrons and scattering projectiles provides a

sensitive test of various theories. Noteworthy contribu-

tions on the elastic scattering, positronium formation,

discrete excitation and ionization processes in positron–

hydrogen collisions can be found both theoretically and

experimentally, for example, in works of Walters (1988),

Kernoghan et al. (1996), Zhou et al. (1997) and Jones

et al. (1993).

In this paper we present theoretical calculations for

the angular differential and total 1s–2s excitation cross

sections for collisions of positron with ground state

hydrogen atom, using a distorted wave polarized orbital

(DWPO) model and the classical trajectory Monte Carlo

(CTMC) method Olson (1981). The CTMC method

which is comprehensive used for the theoretical descrip-

tion of the ion–atom collision processes, it has also been

successful for light mass projectile such as positron

(Shultz and Olson, 1989; T *ok!esi and K .ov!er, 2000). The

one of the main advantages of the CTMC method is that

all reaction channels can be taken into account within

the framework of the classical dynamics. In a complete

treatment of the positron-hydrogen scattering, all the

open channels are coupled together and the cross
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sections for all various processes (1) are determined

together. Such an approach has been made using the

coupled-state method by Kernoghan et al. (1996) and

Mitroy and Ratnavelu (1995).

2. Theory

Positron impact excitation of a hydrogen from an

initial state with energy Ei to a final excited state with

energy Ef is only possible if the energy of the positron

exceeds the threshold value. Various theories have been

applied for this fundamental problem as reviewed in the

papers by Walters (1988), Kernoghan et al. (1996),

Bubulev and Madison (1992), and Bransden et al.

(1985). Unfortunately, experimental elastic and excita-

tion cross sections do not exist for comparison with

theoretical prediction in the literature.

2.1. DWPO model

Let us consider a transition from an initial ground

state i to a final excited state f : The magnitudes of the

initial and final momenta of the positron, ki and kf ;
respectively, are related through energy conservation by

Ei þ 1
2

k2
i ¼ Ef þ 1

2
k2
f : ð2Þ

In terms of the T-matrix element, the differential cross

section for scattering through the angle Y between ki

and kf is

dsfiðEiÞ
dO

¼
1

4p2
ki

kf
TfiðEiÞj j2; ð3Þ

where Tfi ¼ Ff Vfj jCþ
i

� �
: Here, Cþ

i is the exact total

scattering wave function in the initial channel, Ff is the

unperturbed wave function in the final channel, the

interaction potential in that channel being Vf : The total
cross section can be derived by integration over all

directions of kf : A simple close-coupling approximation

(Bransden, 1983) that describes this reaction is obtained

if just two terms are retained in the expansion of the

total wave functions of the system of the incident

positron and hydrogen in terms of the target eigenfunc-

tions. In this treatment, only two open channels are

coupled together and all other transitions being ignored.

In this work we have applied the polarized orbital model

of Drachman and Temkin (1972), that describe the

interaction between the positron projectile and the

neutral polarizable hydrogen atom in multipole order,

to evaluate the inelastic T-matrix element. This polar-

ization potential incorporates for the static potential

fields of the hydrogen in the initial and final states,

respectively. In order to obtain the inelastic cross

sections in the nonrelativistic treatment we have to

solve the partial wave coupled radial Schr .odinger

equations numerically

1

2

d2

dr2
�

lðl þ 1Þ
r2

þ k2
i

� �
ul

iðrÞ

¼
X2
j¼1

½VijðrÞ þ VpolðrÞdij 	ul
jðrÞ i ¼ 1; 2: ð4Þ

Here ul
iðrÞ radial wave function describes the continuum

positron. The boundary conditions for ul
iðrÞ can be

written as

ul
iðr ¼ 0Þ ¼ 0; ð5Þ

ul
iðr-NÞ ¼

ð2l þ 1Þi1

ki

"
kirjlðkirÞdij :

þ

ffiffiffiffi
kj

ki

s
exp i kir �

lp
2

 �� �
Tl

ij

#
; ð6Þ

where Tl
ij denote the partial transition matrix elements,

jlðxÞ is the spherical Bessel functions, respectively. We

have assumed that the target nucleus have infinite mass

and the perturbation interaction between the incident

positron and the hydrogen target can be written as

Vf ðr; xÞ ¼
1

r
�

1

r� x

����
����; ð7Þ

where r, x are the position vectors of the positron and

the electron with respect to the proton. The repulsive

static matrix potential is VijðrÞ ¼ jiðxÞ Vf ðr; xÞj jjjðxÞ
D E

;
where i and j labels the 1s and 2s eigenfunctions of

the H-atom, respectively. In Eq. (4) VpolðrÞ is the

analytical Drachman–Temkin polarization potential

function (see Drachman and Temkin, 1972). Further

approximation is made in the distorted wave method of

dropping the term V12u2ðrÞ on the right-hand side of (4)

on the ground that the influence of the second channel

can be neglected in the elastic scattering channel. Using

the Green’s function technique the inelastic partial

transition matrix elements in the framework of the

DWPO model can be expressed as

Tl
2l ¼ �

2ffiffiffiffiffiffiffiffiffi
k1k2

p exp i dl
1 þ dl

2

� �� � Z N

0

gl
2ðrÞV21ðrÞul

1ðrÞ dr

ð8Þ

and

1

2

d2

dr2
�

lðl þ 1Þ
r2

� V22ðrÞ � VpolðrÞ þ k2
2

� �
g12ðrÞ ¼ 0; ð9Þ

where

g12ðr-NÞ ¼ sin k2r �
lp
2
þ d12

 �
: ð10Þ

Here dl
1;2 are the partial wave phase shifts. Thus the

differential cross section for excitation of hydrogen can
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be expressed in the following form:

ds21
dO

¼
4

k3
1k2

XN
l¼0

ð2l þ 1Þexp iðdl
1 þ dl

2Þ

�����



Z
N

0

gl
2ðrÞV21ðrÞul

1ðrÞ dr P1ðcosYÞ

����
2

; ð11Þ

where P1ðxÞ denote Legendre’s polinomal of the first

kind and order of l. The angular integrated cross section

for the excitation can be written as

s21 ¼
16p
k3
1k2

XN
l¼0

ð2l þ 1Þ
Z

N

0

gl
2ðrÞV21ðrÞul

1ðrÞ dr

� �2
: ð12Þ

From the DWPO equations the excitation cross

sections can be calculated solving the elastic scattering

problems using the polarization approximation. These

functions are used to evaluate the T-matrix for the

inelastic scattering. The ul
1ðrÞ and gl

2ðrÞ functions were

propagated using a Numerov algorithm with energy-

dependent radial mesh with step-size ranging from 10�3

to 10�2 atomic units. The converged values of the T-

matrix were determined by summing a set of partial

waves belonging to low values (usually up to

lmax=10y15). For higher values the following effective

range formulas were applied

%dl
i ¼ �2ki

Z
N

0

r2j2l ðkirÞViiðrÞ dr;

%T l
21 ¼ �2

ffiffiffiffiffiffiffiffiffi
k1k2

p Z
N

0

r2jlðk1rÞjlðk2rÞV21ðrÞ dr; ð13Þ

T l
21 ¼ %T l

21exp i %dl
1 þ %dl

2

� �
ð14Þ

for the approximate determination of the partial phases

shift and the inelastic transition matrix elements.

2.2. CTMC method

In the present nonperturbative CTMC approach,

Newton’s classical nonrelativistic equations of motions

for a three-body system are solved numerically for a

statistically large number of trajectories. The three-

body, three-dimensional calculation was performed as

described by Abrines and Percival (1966). The initial

conditions of the individual collision system were

selected at relatively large internuclear separation from

the collision centre in such a way that the initial binding

energy of the H(1s) level was constrained. The impact

parameter of the projectile with respect to the target

atom and the velocity vectors and the position of the

electron moving around the target nucleus in Kepler

orbits were randomly selected. The differential equa-

tions of motion were integrated with respect to time as

an independent variable by the standard Runge–Kutta

method. To distinguish between the various final states,

the exit channels are tested at large distances from the

collision centre. The differential and total cross sections

for a specific event were computed using the following

formulas:

dsexc
dO

¼
2pbmax

P
j b

ðexcÞ
j

NDO
; ð15Þ

sexc ¼
2pbmax

P
j b

ðexcÞ
j

N
: ð16Þ

The standard deviation for a cross is given by

Dsexc ¼ sexc
N � Nexc

NNexc

 �1=2

: ð17Þ

In Eqs. (15)–(17) N is the total number of trajectories

calculated for impact parameters less than bmax, Nexc is

the number of trajectories that satisfies the criteria for

excitation, b
ðexcÞ
j is the actual impact parameter when the

criteria for excitation is fulfilled and DO is the solid angle

window.

In the CTMC calculations, the energy level of the

electron after the excitation is determined simply by

calculating its binding energy U ¼ �E: A classical

principal quantum number is assigned according to

nc ¼ 1=ð2UÞ1=2: ð18Þ

The classical values are then quantized to a specific

level n if they satisfy the relation

ðn � 1Þ n �
1

2

 �
n

� �1=3
pncp n n �

1

2

 �
ðn þ 1Þ

� �1=3
: ð19Þ

The classical orbital angular momentum is determined

by

lc ¼ ½ðx ’y � y ’xÞ2 þ ðx’z � z ’xÞ2 þ ðy’z � z ’yÞ2	1=2; ð20Þ

where x; y; z are the Cartesian coordinates of the

electron relative to the proton. Since l2c is uniformly

distributed for a given n level, the quantal statistical

weights are reproduced by choosing bin sizes such that

lp
n

nc
lcpl þ 1; ð21Þ

where l is the quantum mechanical orbital momentum

value.

3. Results and discussions

We have performed DWPO and CTMC model

calculations for the excitation process induced by

positron impact on hydrogen at intermediate energies

above the ionization threshold. Fig. 1 shows the angular

distributions of scattered positrons at 54.4, 100 and

200 eV impact energies for 1s–2s excitation. Fig. 1 also

shows results of Walters (1988), Bubulev and Madison

(1992) as well as Bransden et al. (1985). The curves in

each energy set are found to exhibit similar angular

distribution. We find that the present CTMC results are

very close to the second order distorted wave Born
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(DWB2) data of Bubulev and Madison (1992) at

54.4 eV. For small scattering angles the various theore-

tical approximations give the same values except the

data of present DWPO model. At large scattering angle

the coupled channel optical model (CCOM) of Bransden

et al. (1985) predicts smaller cross sections values than

the other calculations. At 100 eV our data are in good

agreement with the results obtained by the DWB2

approximation and the multi-state close coupling

(MCC) calculation of Walters (1988). At 200 eV the

CTMC data overestimate the results of previous and

present quantum mechanical calculations.

Although the CTMC method directly includes the loss

of particle flux from the incident channel to ionization

and positronium formation channels, in general our

results lie above the data of other authors. This is in

contrast with our expectations but in accord with tests,

carried out by Bubulev and Madison (1992) using the

DWB2 approximation which indicate the inclusion of

these channels raise the cross sections at large angles.

The CTMC results are considerably above the CCOM

method of Bransden et al., particularly at large angles

and lower energies. This difference has already been

noted by Bubulev and Madison (1992) and has been

ascribed as an inadequate description of the continuum

in the calculation of Bransden et al. (1985). For primary

energies, 54.4 and 100 eV an enhancement in the

distributions between the scattering angle from 40 to

100 and from 25 to 80� can be observed, respectively. To

identify the origin of these peaks further test calculations

within the framework of CTMC method have been

performed. In the CTMC method, in principle, all

interactions between the colliding partners can be taken

into account exactly during the collision. On the other

hand, in the classical picture it is also straightforward to

switch on and off the interaction potentials between the

individual particles. In this case the effects of particular

interactions can be studied easily. According to our

calculations the origin of the second peak is due to the

ionization through double scattering, i.e. the projectile is

scattered on both the target electron and target nucleus.

Neglecting the scattering on the target nucleus the

second peak is completely disappeared.

In Table 1 our total cross section data are compared

with those of Kernoghan et al. (1996), the MCC data of

Walters (1988) and the CCOM data of Bransden et al.

(1985). In the intermediate energy region, recently the

most accurate results are probably those obtained by

Kernoghan et al. (1996), using a 33-term expansion of

the total wave function which included 3 positronium

state and 30 hydrogen state, some of which were

pseudostate. This model describes excellently all the

experimental total cross sections for the positron–

hydrogen collisions at low, medium and high energies.

In our DWPO calculation we find that the values are

almost identical with the data of Walters (1988) and

Kernoghan et al. (1996) for higher energies, but under-

estimate the results of the latter calculation at lower

energies. This discrepancies between the DWPO data

and the results of the more sophisticated models is not

surprising. It is due to that the simple DWPO model

based on a two-state and one-centre approximation

neglects the multi channel-coupling effects. For an

adequate description of the positron–hydrogen scatter-

ing is especially important to take into consideration the
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Fig. 1. Differential cross section for positron excitation of the

2s state of atomic hydrogen at 54.4, 100 and 200 eV bombard-

ment energies. DWPO and CTMC: present calculations,

DWB2: Bubulev and Madison (1992), CCOM: Bransden et al.

(1985), MCC: Walters (1988). The 54.4 and 200 eV results have

been multiplied by 102 and 10�2, respectively.

Table 1

Integrated 1s–2s excitation cross section in units of pa20 for

positron-hydrogen collision

E (eV) DWPO Kernoghan et al. Walters Bransden et al.

40 0.093 0.150 — —

54.4 0.081 0.106 0.127 0.124

100 0.060 0.060 0.061 0.080

200 0.028 — 0.030 0.040

300 0.019 — 0.020 —

DWPO: present calculation, Kernoghan et al. (1996): 33-state

approximation, Walters (1988): MCC model, Bransden et al.

(1985): CCOM model.
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positronium formation channel which is a two-centre

problem.

4. Conclusion

We have investigated the 1s–2s excitation cross

sections for scattering of positrons from hydrogen atom

at three incident energies using a distorted wave

polarized orbital model and the classical trajectory

Monte Carlo method. We found a reasonable agreement

between our DWPO and CTMC results. Our data are

also in agreement with the previous quantum mechan-

ical calculations. Furthermore, our recent total cross

sections are in good agreement with the results of

Kernoghan et al. (1996) above 60 eV, where the multi-

channel and two-center effects seem to be unnoticeable.

Further works is in progress to calculate the cross

sections for higher excitation of hydrogen.
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